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ABSTRACT. This paper investigates the connection between the Stack-
elberg equilibrium in duopoly markets and the theory of coupled fixed
points. Instead of relying on differentiability and explicit maximization
of payoff functions, we model the leader—follower interaction through re-
sponse mappings satisfying a mixed contractive condition. By extending
the Banach contraction principle to ordered pairs of maps, we prove a
general theorem guaranteeing the existence and uniqueness of a coupled
fixed point, together with a priori and a posteriori error estimates, and
convergence rates. The result provides a unified fixed-point framework for
equilibrium analysis in oligopoly markets. A linear Stackelberg duopoly
is presented to illustrate that the fixed-point formulation reproduces the
classical equilibrium and confirms the leader’s informational advantage.

1. INTRODUCTION

Oligopoly markets play a central role in micro-economic theory, as they
describe industries dominated by a few firms whose strategic decisions are mu-
tually interdependent. Unlike perfect competition, where no firm influences
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price, or monopoly, where one firm dictates market conditions, oligopolies ex-
hibit strategic interdependence, meaning each firm’s output or pricing decision
both affects and is affected by its rivals [18] 26].

A central problem is the determination of market equilibrium - the outcome
of firms’ optimal reactions to one another. Such an equilibrium typically lies
between the extremes of perfect competition and monopoly, generating inter-
mediate levels of price, quantity, and welfare [27].

Two classical models capture these strategic interactions. In the Cournot
model [7), {], firms make their decisions simultaneously, treating the competi-
tor’s output as fixed; the resulting Cournot equilibrium represents mutual best
responses. In contrast, the Stackelberg model [24] introduces a sequential struc-
ture: the leader commits first, and the follower reacts optimally. This frame-
work highlights how the sequence of actions and information asymmetry shape
market outcomes [17) [24].

Most analyses rely on maximizing profit functions [I0] 23], often under dif-
ferentiability and concavity assumptions [9] [13]. Although analytically conve-
nient, these assumptions may be restrictive: real firms face technological, infor-
mational, and contractual limitations that constrain their ability to optimize
fully. Even so, firms adjust their behavior through response functions that link
optimal output to competitors’ choices [9], [10]. Studies such as [9, [13] [14] show
that with differentiable profit functions, the Cournot model yields consistent
equilibrium-existence results.

Our goal is to demonstrate that a similar connection exists within the Stack-
elberg model as well.

2. PRELIMINARIES

Following [I0 23], consider two firms producing quantities = and y for a
common market with total output Z = x + y. The inverse demand is P(Z) =
P(x +y), and cost functions are ¢(z) and C(y), respectively.

2.1. Cournot Model. If both firms act rationally, their payoff functions are
P(x,y) =aP(x+y) —cz), ¥(z,y)=yPl+y)—Cy).
Each firm maximizes its own profit:

max &(z,y), max ¥ (x,y).
@ y
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Assuming differentiability, the first-order conditions are
0P

37 @y) = Ple+y) + zP'(x +y) —(z) =0,
ow (1)
afy(x,y) =Pz +y)+yP'(x+y)—C'(y) =0.

The solution of defines the Cournot equilibrium where neither firm can
increase profit by unilateral deviation [I0} 23]. Often, can be written via
reaction functions z = ¢(y) and y = 9 (x). Uniqueness is ensured if either the
payoff functions are concave or the second-order conditions

0%d 4
w(§777)<07 ain(fﬂ?)<0 (2)

are satisfied, where (¢,7) is the solution of ().

2.2. Stackelberg Model. In the Stackelberg framework [24], decisions are
sequential. The follower solves

%Z(w,y) = P(x+y) +yP'(z+y) - C'(y) =0,

yielding a reaction function y = ¢ (z). Knowing ¢ (z), the leader maximizes his
profit

P(z, Y (x)) = Pz + P(x)) — c(2),

knowing the response of the follower, which leads to the first-order system

%w, WP +y) +yP e +y) — C'y) =0,
4 b, (@) = Pla + () + 2P (@ + (@) (1 + ¥/ (x)) — ¢ () = 0.

dx
This sequential mechanism gives the leader informational advantage and
typically a slightly higher equilibrium profit [I7].

2.3. Illustrative Example. Consider linear demand P(Z) = 10 — 0.1Z =
10 — 0.1(x + y) and identical quadratic costs c(t) = C(t) = t2/2.
e Cournot equilibrium:
10— 1.22 — 0.1y = 0,
10 — 0.1z — 1.2y = 0,

giving £ = n = 7.69, price P(£,n) ~ 8.46, and profit &(£,n) = ¥(£,n) ~
35.5.



58 M. PAVLOV, V. ZHELINSKI, B. ZLATANOV
e Stackelberg equilibrium: The follower’s response is y = ¥ (z) = %—
15; the leader solves %@(m,w(x)) = 0, obtaining £ ~ 7.74, n ~ 7.69,
confirming a leader’s advantage.
These observations show that the leader, having additional information
about the follower’s behavior, achieves a higher equilibrium profit, even though
both firms sell at the same market price.

TABLE 2.1. Comparison at the equilibrium points of both models

Model Leader Follower Sum

Volumes 7.74 7.69 15.43

Stackelberg model Profit 35.50 35.46 70.96
Market price 8.45 8.45

Volumes 7.69 7.69 15.38

Cournot model Profit 35.50 35.50 71.00
Market price 8.46 8.46

These findings illustrate the strategic implications of early commitment. The
leader produces marginally more than in the Cournot setting, shifting the fol-
lower to a less favorable portion of the reaction curve. Although the individual
payoff advantage is clear, the overall market quantity and price remain close
to the Cournot equilibrium, suggesting that the distribution of payoffs changes
more significantly than total welfare in this simplified linear environment.

2.4. Model Limitations. Analytical solutions may fail for nonlinear price or
cost functions (e.g., P = 10 — arctan(x + y), C(x) = xe®). In such cases,
implicit or iterative formulations are used [9]. If output adapts dynamically as

Tn+1 = F(l’n,yn), Yn+1 = G(l‘n, y”)’

the resulting system can be analyzed using coupled fixed-point techniques [4}
141, [, [13].

2.5. Coupled Fixed Points for Ordered Pairs of Maps. The Banach fixed
point concept [3], despite being over 100 years old, has numerous extensions
and implementations. Various directions of generalization exist; here, we focus
on the generalization in [I1], which reformulates the fixed-point notion through
coupled fixed points.
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By considering a map of two variables F': A x A — A ([5, [I1]) the notion
of a coupled fixed point (z,y) € A x A of F in A is defined as x = F(z,y) and
Y= F(yv 33)

The concept of exploring fixed points for their existence and uniqueness in
cyclic maps, i.e., T : A — B and T : B — A, versus self-maps was initially
presented in [16].

By combining the ideas of cyclic maps and coupled fixed points the meaning
of fixed points was broadened to coupled fixed points for cyclic maps of two
variables in [25] by investigating of maps F': Ax A — B, F: Bx B — A, and
the search of sufficient conditions that will ensure the existence of an ordered
pair (z,y) so that ¢ = F(x,y) and y = F(y, z).

However, the equations * = F(z,y) and y = F(y,z) that define the linked
fixed points [Bl, 1] frequently result in an ordered pair (z,y) such that x = y.

This limitation was solved in [29], wherein a modified coupled fixed point
for an ordered pair of maps (F,G) was developed. It is suggested in [29] to
combine two maps F : Ax B — A, G: Ax B — B and defining an ordered
pair (z,y) as a coupled fixed point for (F,G) if = F(x,y) and y = G(x, y).

The definition from [B] [I1] is obtained when G(z,y) = F(y,z), and A = B.

2.6. Banach Contraction Fixed Point Theorem.

Definition 2.1 ([3]). Let (X, p) be a metric space. A map T : X — X is
called a Banach contraction map if there exist a non-negative constants a, such
that for all z,y € X the following inequality holds:

p(Tz, Ty) < ap(z,y). (2.1)

Theorem 2.2 ([3]). Let (X, p) be a complete metric space and T : X — X be
a Banach contraction map, then:

(1) there is a unique fized point £ € X of T and, moreover, for any initial
guess xo € X, the iterated sequence x, = Txn_1 for n = 1,2,...
converges to the fixzed point £

(2) there holds a priori error estimate: p(&,xy,) < %p(xo,xl)

(3) there holds a posteriori error estimate: p(§,x,) < 1% p(Tp_1,Tn)

(4) the rate of convergence is: p(&,2,) < ap(§, Xpn_1).

3. MAIN RESULT

3.1. Coupled Fixed Points for Ordered Pairs of Maps Satisfying a
Mixed Contractive Condition. Let (X;,d;), i = 1,2 be two metric spaces,
F; : X1 x Xo = X, for i = 1,2 be two mappings and z = (z,y),w = (u,v) €
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X1 x X5. Let us denote
M(x,y,u,v) = dl(xau) + dz(y,U)~

Definition 3.1. Let X;, i« = 1,2 be two non-empty sets and (Fp, Fy) be a
semi-cyclic map. The sequence {(zx, yx)}7,, define inductively by (zo,%0) €
X; x Xy and Tn+1 = Fl(xn;FZ(xwuyn))a Yn+1 = Fz(xnayn) for n > 0 will be
called a mixed iterative sequence.

Definition 3.2. Let X be aset and F; : X x X — X for i =1,2. We say that
the ordered pair of maps (Fy, F») has local double cross symmetry property at
a point (z*,y*) € X x X if

Fy(z*,y") = Fi(y", Fo(y*,2")) and Fy(y™, ") = Fi(z", Fa(z*,y")).

Following [19, 20] for any arbitrary chosen initial guess point (xg, y9) € X1 X
X, the mixed iterated sequence {(zx, yr)}7>, can be written as (zp41,Ynt1) =
T(:Ena yn)7 where

T(x,y) = (Fi(z, Fa(z,y)), Fa(r,y)) : X1 x Xo — X1 x Xo.

Theorem 3.3. Let (X;,d;), i = 1,2 be two complete metric spaces, F; : X1 X
Xy = X; for i = 1,2 be two mappings. Assume there exist a non-negative
constant k € (0,1) and the following inequality holds for all (z,y), (u,v) €
X1 X X2 N
dy (Fy(x, Fa(x,y)), Fi(u, Fa(u,v))) + do(Fa(z,y), Fo(u,v)) < kM (z,y,u,v).
Then:
(1) there exists a unique coupled fized point (z*,y*) € X1 x Xa for the
ordered pair of maps (Fy, F»)
(2) for any initial start point (xo,yo) € X1 X Xo, the elements of the mized
iterative sequence {(x,yr)}52, converge to z* and y*, respectively
(8) the following holds:
e A priori estimate:
k’ﬂ
1—-k

dl(xnax*) + dQ(ynvy*) < (dl(x17$0) + dQ(ylvyO))

e A posteriori estimate:

k
di (2n, &%) + d2(yn, y") < 7 (d1(@n, Tn-1) + d2(Yn, Yn-1))

® convergence rate:

dl(xn7x*) + dZ(ynvy*) S k (dl(xnflvx*) + dQ(ynfla y*)) .



A FIXED POINT APPROACH TO THE STACKELBERG MODEL IN OLIGOPOLY MARKEBS$

If in addition X1 = X9 = X, dy = dy = d and the ordered pair (Fy, F»)
satisfies the local double cross symmetry property at the unique coupled fized
point (x*,y*), then x* = y*.

Proof. Define the product space X1 x Xo equipped with the metric
p(('ra y)7 (U,U)) = dl(.’L’,U) + dQ(y7v)
which makes (X7 X Xa,p) a complete metric space since both (X1,d;) and

(Xa,ds) are complete.
Now define the map G : X; x X — X7 x X3 by:

G(z,y) = (Fi(z, Fa(z,y)), Fa(z,y)).

We aim to prove that G has a unique fixed point in X7 x X, by verifying
that G is a Banach contraction map in (X7 x X, p).

Let (z,9), (u,v) € X7 x X5 and let us denote T = (z,y), @ = (u,v). Then

p(G(T),G) = di(Fi(z, F2(T)), Fi(u, Fa(w))) + do(F2(T), Fa ()
< k (d1<m7u) + dQ(ya 'U)) = kp(fa E)'

This shows that G is a Banach contraction map in the complete metric space
X1 x X5, p. Now, we can apply Theorem and conclude that there exists a
unique point (z*,y*) € X7 x X5 such that

(@",y") = Ga",y") = (Fi(2", Fa (2", y")), Fa(z™,y7)),
ie.,
ot =Fi(2",y") and y" = Fy(a",y").

The error estimates follow immediately from Theorem and the way the
metric p is defined.

(The symmetry case) Assume X; = X9 = X, d; = do = d, and that the
mappings F1, Fb : X x X — X satisfy the local double-cross symmetry

Fl(y*a FQ(y*ij*)) = FQ(J?*, y*)v Fg(y*,J?*) = Fl(l’*,Fg(Jf*, y*))
for the coupled fixed point (z*,3*) € X x X. We have that
=Pt B yY), oyt =Rty

Applying the contractive inequality for (z*,y*) and (u,v) = (y*, z

d(z*,y") +d(y", ") = d(Fi (2", Fa (2", y")), Fi (y", Fa(y*, 2%)))
+ d(FQ(x*v y*)’ FQ(y*v x*))
< k(d(z",y") +d(y*, z7)).
We conclude that d(z*,y*) = 0, and therefore a* = y*. O

“a*), we get



62 M. PAVLOV, V. ZHELINSKI, B. ZLATANOV

We will introduce a global double cross symmetry property, which will be
the ordered pair of maps to satisfies the local one for all ordered pairs (z,y).

Definition 3.4. Let X be a set. If the mappings F, Fy : X x X — X satisfy

Fi(y, Fo(y, @) = Fa(z,y),  Fa(y,z) = Fi(z, Fa(z,y)),
for all z,y € X we will say that the ordered pair of maps (Fy, F») has the global
double-cross symmetry property.

Remark 3.5. Although, global double cross symmetry appears more restric-
tive at first glance, it is useful in situations where the existence of a coupled
fixed point is guaranteed, but the fixed point cannot be computed explicitly. In
such cases one cannot directly verify the local double cross symmetry at that
point. If a global symmetry holds, however, it automatically ensures that any
coupled fixed point satisfies x = y.

In [I4], the simpler assumption Fy(x,y) = F(y,x) was sufficient to deduce
x = y, since the model considered there was fully symmetric (Cournot-type). In
the Stackelberg-type formulation adopted here, however, the nested dependence
Fi(z, Fo(z,y)) introduces an intrinsic asymmetry between the leader and the
follower, so the stronger double-cross symmetry is required to guarantee z = y.

3.2. The Stackelberg Model in Duopoly Market by Response Func-
tions, Rather than Payoff Maximization.

3.2.1. The Model. Let ®(x,y) and ¥(x,y) be the payoff functions of the two
players in a duopoly market, where they compete on a single good.
Following [9], instead of solving the first order equation for the follower, i.e.,

the second player
ov
— =0 3.1
5, @) (3.1)

we consider the function Fy(z,y) = % + y and we alte to a fixed point
one, i.e., Fy(x,y) = y. Thus if not possible to solve (3.1), one may regard
the equation as implicitly defining a function y = 1 (z) under suitable
regularity conditions, and we can find the values of its derivative by implicit
differentiation, when some sufficient conditions are satisfied.

The first order equation for the leader will be

L (. Py, () = 0.

dx
We can alter the above equation into a fixed point one as

Fie, Bo(a, (@) = b, Fo(e, () + 2 = .
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Therefore we get that in the case of rational players, with differentiable
payoff functions, and playing according to Stackelberg’s model the maximiza-
tion problem can be viewed as a problem of coupled fixed points. Define
g:X1XX24)X1XX2 by:

g(x,y) = (Fl(x7F2(x7y))’ FQ(xuy))' (32)

A Stackelberg equilibrium (§,n) satisfies G(&,1) = (&, 7).
By converting the payoff maximization in the Stackelberg model with the
coupled fixed point notion, i.e., a solution of the system of equations:
Fy(z, F5(z,y)) x
Fy (.%‘, y) = Y
we will avoid the need to justify the existence of the implicit function v; equi-
librium emerges from fixed-point convergence.
If the responses of the two players satisfy the assumption in Theorem
then there is an unique market equilibrium in the Stackalberg’s model.

3.3. Stackelberg’s model.

Corollary 3.6. Let us consider a duopoly market, satisfying:

(1) the two players are competing on a single good

(2) both goods are homogeneous and perfect substitutes

(3) the follower can produce quantities from the set Xao, and the leader
can produce quantities from the set Xy, where X1 and Xo are closed,
nonempty subsets of a complete metric space (R,|-—-|).

(4) let there be a closed subset D C Xy x Xo and maps F; : D — X,
i=1,2, so that:

(F1($7F2(xay))’F2(x?y)) €D

for every (x,y) € D, where the maps (Fy, Fy) be the response functions
for the leader and the follower, respectively.
(5) there is an a < 1, so that the inequality:

|F1(x,F2(:v,y)) - Fl(uaF2(uvv))‘ + |F2(ac,y) - FQ(U’U”
<a(lz —ul+]y—v]) (33)
holds for all (x,y), (u,v) € X1 x Xs.

Then there is a unique market equilibrium pair (§,n) in D, i.e., £ = F1(&§,7)

and n = F(&,n).
The error estimates from Theorem[3.3 hold for dy(z,y) = da(z,y) = |z —y|.
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Suppose X1 = Xo = X. If the unique mized coupled fized point (&, 1) satisfies
the double cross symmetry at the fived point:

F2(f777) :Fl(n7F2(n7§)) and F2(n7§) :F1(§>F2(§7n))a

then & = .

3.3.1. The Second Order Conditions.

Proposition 3.7. If the responses are obtained by the consecutive mazximiza-
tion of the follower and leader payoff functions in the Stackelberg’s model, as-
suming differentiablity of the payoff functions and the assumption in Corollary
are satisfied then coupled fixzed points satisfy and the second order conditions
in the Stackelberg’s model.

Proof. Fix x € X1, consider u = z, v = y + Ay, and substitute in (3.3) we get
|Fi(z, Fa(z,y + Ay)) — Fi(z, Fa(2,9))| + [Fa(2,y + Ay) — Fa(z,y)| < oAyl

Divide by |Ay| and the above inequality and taking the limit Ay — 0 in it
we get

8F1 8F2 aFQ
- (@, Fa(z,y)) - 5~ («, - (@,y)| < a 3.4
R G )|+ ) < (3.4
Since absolute values are non-negative, (3.4)) implies:
OF:
@) <o (35)
Recall Fy(z,y) = g—";’(z, y) +y and differentiating it with respect to y we get
oF, 0*w
— = —+41. 3.6
oy o T (3.6)
Substitute (3.6) into (3.5)) we obtain the inequality
UL (3.7)
a. .
oy? -
Since o < 1 the last inequality implies the inequalities —a < gz%’ +1<a.
o’

From the assumption that o € (0, 1) it follows that ayr <a—1<0.

Therefore the follower’s second-order condition is satisfied.

For the rest of the proof if we use the notation &(z,y) or Fi(x, Fa(z,y)
it refers to the function obtained by evaluating the payoff function @ or the
response function F) at the ordered pair (z, Fy(z,4%(z)) depending on z, i.e.,

P(x,(x)) or Fi(x, Fo(x,v(x)).
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Fix y € X5, consider v = z + Az, v = y, and substitute in (3.3)) we get
|[Fi(z+ Az, Fy(z+Az,y)) = Fi(z, Fa(z,y))[+|F2(z+ Az, y) — Fa(z,y)| < o Az].
Divide by |Az| the last inequality and take limit as Az — 0 in it we find

d OF,
—F} F: —_— <a. .
A R+ 52 | <a (35)
From (3.8) it follows the inequality
d
Recall Fy(z, Fa(z,y)) = %@(m, Fy(z,y)) + « and differentiating it we get
d d?
—F=—d+1. 1
dz” ' da? * (3.10)

From 1' and (3.10|) follows the inequality ’%@—i— 1‘ < a. Since a < 1

conclude that j—;@ <a—1<0.
Thus, the leader’s second-order condition is satisfied too. O

3.3.2. Illustrative Example. We consider a duopoly with linear demand from
Section 2.3
We get the response function F} and Fj

ov
Fy(z,y) = —4+y=10—-0.12 — 0.2y
dy
and p
Fy(z, Fy(z,y)) = %é(az,Fg(w,y)) +2=9-0.182 4+ 0.02y
from the first order equations.
Let us put
g(l’, y) = (F1($7 FQ(‘T7 y))7 FQ(xa y))
We show G is a Banach contraction map under the metric
p((@,y), (u,v)) = & — ul + [y —v].
Just to fit the next chain of inequalities we will denote T = (z,y) and
u = (u,v). Indeed

p(G(7),G(w))

p((Fi(x, F5(T)), Fo(T)) — (Fi(u, F3()), F2(w)))
|F1(z, F5(T)) — Fi(u, F2 ()| + [F2(T) — F>(u)|
0.18|z — u| + 0.02|y — v| + 0.1|z — u| + 0.2]y — v|
0.28|z — u| + 0.22|y — v|

0.28(|z — u| + |y — v|) = 0.28p(F, ).

IA I IA
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Thus the two response functions satisfy Corollary with contractive con-
stant a = 0.28.

The coupled fixed point £ =~ 7.757 and n ~ 7.687 is the same as the mar-
ket equilibrium point obtained by the classical Stackelberg’s maximization in

Section 2.3
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I104AX0 4 YPE3 HEIIOABUV>KHUW TOYKUW K'BbM MOJEJIA HA
CTAKEJIBEPT' B OJINTOITIOJIHU ITABAPI

Maprun [Tasnos, Bacun 2Kenuncku, Bosin 3naranos

Peziome. B crarusita ce m3cie/Ba Bpb3Kara Mexky pasHoBecmero Ha (Crakes-
0Oepr B JIyONOJIHU Ta3apy M TEOPHUSITA HA JBOWKM HEMOJABUXKHU TOYKH. BMecTo ma ce
pazunTta Ha AuMEPEHINPYEeMOCT U MAKCUMU3aIus Ha (PyHKIUUTE Ha medasnda, B3au-
MOJIEIICTBHETO MEXKJIy JINJEPa U MOCIeI0BaTENS Ce MOJIeaupa Ype3 (DYHKIUN HA PeaK-
I¥sI, yJIOBJIETBOPSBAIINA CMECEHO CBUBAIIO ycjaoBue. Upes obobiaBaHe Ha ITPUHIUIIA
na Banax 3a cBuBamum n3o0pakeHUs BbPXy HApEIEHU JIBOMKHM OT M300pakKeHWs ce
J0Ka3Ba 00Ila TeopeMa 3a CbIIeCTBYBAHE M €JUMHCTBEHOCT Ha JBOMKM HEIOIBHYKHA
TOYKA, 32€HO C AlPUOPHU W ATOCTEPHOPHU OIEHKU HA TPENIKATAa U CKOPOCTTa HA
cxonumoct. llosmydennTre pesyaraTtn oCUrypsiBAT €JUHHA PAaMKa B KOHTEKCTA Ha He-
[IOJIBU2KHUATE TOYKH 3a aHAJIU3 HA PABHOBECHETO B OJIMTOIIOJIHU a3apu. IIpencraBen
e npuMep C JmHeeH jyorosieH mozes Ha Crakenbepr, KOWTO 1OKa3Ba, de (DOpMyJin-
POBKa C ITOMOIITA Ha HEMOABUKHU TOYKH Bb3IIPOU3BEXK/1a KJIACHIECKOTO paBHOBECHE
¥ TIOTBBPK/IaBa HHPOPMAIMOHHOTO TPEIUMCTBO Ha, JTUEPA.
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