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Peztome. B mazu cmamus Ouckymupame OCYUIAYUOHHOMO NOBeOeHUe Ha 08e YPAGHeHUs Hd
mpwvOONPOBOO, KOUmMo ca uzeecmuu om nyoruxayuume Ha Benvmucos, 'vpuescka u Munywesa. Tesu
asmopu ca NoCMasuiu pasiuyHy 2paHuyHu yciosus. I panuunume 3adauu ca u3cied8anu ypes
memooda wna [anvopkun. Modenupawume ypagueHusi Ha mMpwvOONPOBOO ca XomozeHHU. TyK we
pasenedame pasnpeoeieHuemo Ha HyIume HA MeXHU HeXOMOo2eHHU o0000wenus. Hacmoswama
cmamusi e ecmecmeeHd KpauHa Mo4YKa HAd YUKbAA OM HAWU NpeOUWHU MeMamuyHo CE8bP3aHU
pe3yImamu 3a CHOMeHamume no-2ope YpasHeHUs.

Kniwouosu oymu: ocyunayus, mpvoonpogoo, QyHKyuoHaiHo-0ughepeHyuaino ypasieue

1. Introduction

The papers of Vel'misov, Garnefska, and Milusheva concerned with the dynamical
stability of a pipeline, stated at the origin of many publication of the author (see the cited
literature). In particular, in (Petrova, 2003), as we know, have been made for the first time
simultaneous consideration of oscillation theory and Galerkin's method. More precisely, there
we found sufficient conditions for oscillation of these solutions of the respective equations,
which were obtained only by Galerkin's method. Traditionally, there are sufficient conditions
for oscillation of all solutions of the investigated equations, but not these one, derived by a
some method.

Vel'misov, Garnefska, and Milusheva considered two equations of a pipeline. The
present paper is concerned mainly with the linear one:

L(w) = thz (x,t)+ DWX4 (x,t)+ §Wx4t (x,t—17) —1W 5, (x,t) + aw, (x,t) .

+pw, (X, t)+yw, (x,t—7,)+ pw(x,t—7;) =0, xe(0,1), t>0, @

where 1>0,M>0,0>0,£>0,7>20,0¢20,p>0,72>0,£>0,7,20,7,>20,7, >0 are
constants. The second equation of a pipeline is a non-linear one:
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L, (W) = L, (W) + O[w, (X, t) + VW, (X, )] + W’ (X, t — 7,) + @
+0521W2(X,t—z'3)wt (x,t —72)+a03wt3(x,t—z'3) =0,xe(0,1), t>0,
where the above assumptions have been saved and additionally we assume that all the new
coefficients are nonnegative constants.
Here we shall explore the distribution of the zeros of the following generalizations
of (1) and (2), respectively,
L (w) = f(xt),xe(0,1), t>0, 3)
and
L,(w) = f(x,t),xe(0,1), t>0, 4)
where f(x,t)eC([0,I],R,;R). It is very difficult to establish sufficient conditions for
oscillation of all sufficiently smooth solutions of the equations (1) — (4). We shall obtain
sufficient conditions for oscillation of the solutions of (1) — (4), which are of type

w(x, 1) = w (t)g, (%), (%)

where g,(x) is the first function among the basis of functions {g, (x)}.-,, forming a complete
system of functions on [0,l] whose form is determined by the type of fixing of the endpoints

of the pipeline. Vel'misov, Garnefska, and Milusheva treated both equations (1) and (2) under
different boundary conditions at x = 0 or x = |. We shall be concerned with two of them:

w=w, =0 (rigid fixing) and w= M =0 (hinged fixing),
where M = DWX2 (x,t)+§wx2t(x,t). In the article (Vel'misov, Garnefska, and Milusheva,
2001) have been stated the boundary conditions:

a). wO,t)=w,(0,t)=0, w(l,t)=w,(,t)=0;
b). w(,t)=w,(0,t)=0, w(l,t)=M(l,t)=0;
). w0,t)=M(0,t)=0, w(l,t)=w,(l,t)=0;

d). w0,t)=M(0,t)=0, w(l,t)=M(l,t)=0.

In fact, in (Vel'misov, Garnefska, and Milusheva, 2001) the following nine subcases
of (1) have been formulated:

l. ,=7,=0, 7,=h>0; Il. 7;=h>0, 7,=7,=0;

im. ,=7,=0, r,=h>0; V. 7,=0, 7,=7,=h>0;
V. 7,=0, 7,=7,=h>0; VI. =0, 7,=7,=h>0;
VIl. 7,=0, 7,#7,7>0,7,>0; VIIl. 7,=7,=7,=h>0;
IX. 7,>0,7,>0,7,>0, 7, #7,#1,#71,,

where h is a positive constant. These subcases correspond to the sufficient conditions for the
asymptotic stability of the null solution (x =0, y =0) of the respective system.

We refer the reader to (Petrova, 2008) for the different roles of the delays and for the
main reasons for the present arguments. We shall prove sufficient conditions for oscillation of
the solutions of the problems (2), a) — d) and (4), a) — d), which are of the type (5) in the next
two situations: case I. and the present new one:

X. 5,=7,=7,=0.
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Then we shall make the respective conclusions for the problems (1), a) — d) as well as
for (2), a) — d).
2. Preliminary results

We save all the assumptions from the previous section. Everything in the present one
Is related to Galerkin's method.

Lemma 1. Let the function w(x,t) of the type (5) be a solution of the problems (3), a) — d).
Then the function w,(t) satisfies the equation

Az (t)+Bz(t)+ Ez (t—7,)+ FZ (t—7,) +Gz(t—7,) = K (t), )
where
A= [[Mg,(0—ng; (09, (9]dx A> 0, -
B = [[[Dg (9-+ pg; (18, () B R, o
E=£f0! (90,0002 0; F =7 [gf (00,6 = Bfg/ (=0, (9)
RO = [ F(x8)g,(x)dx o)

Corollary 1. Let the function w(x,t) of the type (5) be a solution of the problems (1), a) — d).
Then the function w,(t) satisfies the equation

AZ"(t)+Bz(t)+Ez (t—7,)+Fz (t—7,) +Gz(t—7,) =0, (11)
where (7) — (9) hold again.

Lemma 2. Let us suppose that (7) — (10) be fulfilled and let « = 0. If the function w(x,t) of
the type (5) satisfies the problems (4), a) — d), then the function w,(t) is a solution of the
equation

Az (t)+Ez (t—7,)+Bz(t)+Fz (t—7,) +Gz(t —7,) + Q2% (t— ;) +

Q222 (t- 2_3)2- (t—7,)+ Qs(zl (t- 2'2))3 +0'7 ®=R®, (12)
where we have additionally that

Qu = 5 [ 0 (X 2 0; Q, =z, [ 0 () > 0; (13)

Q, = 15[ 97 (0)dx 2 0; 6" = 0 g7 (x)cx > 0. (14)

Corollary 2. Let =0 and let (7) — (9) be satisfied together with (13) and (14). If the
function w(x,t) of the type (5) is a solution of the problems (4), a) — d), then the function

w, (t) satisfies the equation

Az (t)+Ez (t—7,)+Bz(t)+Fz (t—7,) +Gz(t —7,) + Q2% (t—7,) +

Q2% (t—2,)7 (t-7,)+Q(Z (t-7,)] +6°Z (t) = 0. (15)
Remark 1. The assumption that « =0 in Lemma 2 and Corollary 2 is an essential one for
the applications of the results of (Petrova, 2007).

Remark 2. The assumptions that
A>0 and B>0 (16)
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are related to applications of the results of (Petrova, 2007) again. In fact, in accordance with
(7) and (8), we suppose additionally that B >0, which is an absolutely possible situation in
proper mathematical models.

Corollary 3. (see (Petrova, 2007)) Let the constants A, B, &, {£.}.., and {o, }.., satisfy
(16) and
B 20, 0,20, Vk=1,n,neN, o=maxo, a7

1<k<n
and @ be a real constant such that

VAAB — 6> S

4AB>¢* and L, = oA 0. (18)
If there is a number s> p such that
s+afly @ .
L F(t)e?AsinL (t—s)dt <0, (19)
then the inequality
Az (t)+6r (t)+) Bz(t—o)+Bz(t) <F(t) (20)
k=1

has no positive solution in (s—o,s+L, ].
Remark 3. The above Corollary remains true, if just s e R.

Remark 4. If the direction of the inequality (19) is opposite, then we have an analogue of
Corollary 3 about the absence of negative solution of the inequality, whose direction is the
opposite one.

For important partial cases of Corollary 3 see (Yoshida,1987) and (Yoshida,1990).
The function

s+7z/L1 @ :
®49=L F(t)e?Asin L, (t—s)dt (21)
plays an essential role.

3. Main results

Theorem 1. Let 1., (16) as well as (7) — (10) be fulfilled together with
J4AB — (E +F)?

4AB>(E+F)* and L,= oA (22)
Further, let
ey (E+F)t
®,(s) = j °F,(t)e 22 sinL,(t—s)dt (23)
and let there exist a sequence {s,}., such that
lims, =c0 and ®@,(s,)=0. (24)

nN—oo

Then every solution w(x,t) of the problem (3), @) — d), which is of the form (5), has at least
one zero in the set (0,1)x (s, —75,S,+7L, ], VheN.

Theorem 2. Let 1., (16), (7) — (10) as well as (13), (13) hold, where we suppose additionally
that
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o =0, =ay=0.

Further, let
. AAB —(E+F +0")?
4AB> (E+F +67)? and L3:‘/ (2A+ +0) (25)
as well as
— (E+F+6)t
O,(s)=[ CR(te A sinL(t-s)dt. (26)
If there exists a sequence {u,}._, such that
limu, =c0 and ®,(u,)=0, (27)

n—ow

then every solution w(x,t) of the problem (4), a) — d), which is of the form (5), has at least
one zero in the set (0,1)x(u, —7,,u, + 7],V neN

We point out that Theorems 1 and 2 would remain true, if we replace I. by X., but
the families of sets with at least one zero of the solution of the form (5) would be

{0,)x(s,,s,+7/L,)}" and {(0,1)x(u,,u,+7/L;)} . Finally, all the described above

distribution of the zeros remain true for the respective homogenous subcases of (3) and (4),
respectively.
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